
 

  
Abstract—This paper introduces a new digital signal 

processing algorithm for frequency and amplitude estimation 
based on Unscented Kalman Filter (UKF). The results of 
computer simulated and realistic synthetic data tests are 
presented. The initial parameters used during the tests were 
chosen carefully using an established parameter estimation 
method, the Self Tuning Least Square (STLS). It is concluded 
that the proposed algorithm is simple, efficient and has low 
computational demands compare to STLS which makes the UKF 
a very promising method in next generation of power quality 
monitoring devices. 
 

Index Terms— Kalman filters, unscented transformation, 
power quality, frequency estimation, amplitude estimation. 

I.  INTRODUCTION 
HE development of numerical algorithms for estimating 
power quality (PQ) parameters has become an important 

subject in recent years. More reliable methods are required for 
power quality monitoring and estimation. In general, power 
system voltage and current waveforms are distorted by 
harmonic and interharmonic components, particularly during 
system disturbance. Faults or other switching transients may 
change the magnitude and phase angles of the waveforms. 
Moreover, voltage and current can also be distorted by non-
linear loads, power electronic components and inherent non-
linear nature of the system elements [1]. The assessment of PQ 
can be done either by calculating, measuring or estimating PQ 
indices (frequency, spectrum, harmonic distortion etc.). The 
estimation of PQ indices is still an important and yet 
challenging research area to be explored. 

In the past different techniques have been developed for PQ 
indices estimation. Fast Fourier Transformation (FFT) [2], 
Least Squares (LS) [3-4], Newton Type Algorithm (NTA) [5-
7] and Self Tuning Least Square (STLS) [8-10] are some of 
acknowledged signal processing methods used in the 
frequency and amplitude measurement. 

One of the most popular methods for solving nonlinear 
parameter estimation problems is Extended Kalman Filter 
(EKF) [11-13]. The EKF linearizes nonlinear systems so that 
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Kalman Filter equations can be applied. In practice the EKF 
has several disadvantages such as when the assumptions of 
local linearity are violated, linearization can produce highly 
unstable filters. This might lead to divergence phenomena 
[11]. 

Another drawback of the EKF is that the use of Jacobian 
matrices to linearize the nonlinear model equations often leads 
to significant implementation difficulties, particularly 
increased processing requirements and execution time, making 
the algorithm difficult for real-time applications [11]. 

More iterative methods based on Kalman filter have been 
proposed in [16, 17]. This approach can overcome accuracy 
problems of the EKF due to neglecting non-linear terms. 
However, the iteration procedure leads to higher processing 
time.  

This paper carries out a study of Unscented Kalman Filter 
(UKF). The UKF is a novel measuring technique based on 
Unscented Transformation (UT) theory. This method was 
originally proposed in [11], [15]. The UKF method can 
eliminate the disadvantages of the EKF because it does not 
linearize the non linear systems. Instead, it uses a statistical 
distribution of the state which is propagated through the 
nonlinear equations. This approach provides better estimates 
of the actual state and the posterior covariance matrix [14, 15].  
 In this paper, the computer simulated and realistic synthetic 
data records are utilized to analyze the validity and 
performance of the proposed UKF algorithm for estimation of 
frequency and amplitude of the processed signal (arbitrary 
voltage, or current).  

II.  METHODOLOGY 

A.  Unscented Transformation 
The Unscented Transformation (UT) is a transformation 

based on the insight that it is easier to approximate a Gaussian 
distribution than a highly nonlinear function [15]. The idea of 
UT is to deterministically choose a set so called sigma points 
with mean x  and covariance Pxx and find the mean y  and 
covariance Pyy by propagating sigma points through a 
nonlinear transformation. In UT, the 2n+1 sigma points can be 
obtained by formula below: 

0 x=  (1) 
 

( )i ix (n ) xxλ= + + P  (2) 
 

( )i+n ix (n ) xxλ= − + P  (3) 
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where ( ) i(n ) xxλ+ P  is the ith column of matrix (n ) xxλ+ P  

and 2 (n ) nλ α κ= + − . Parameter α  is suggested to be 
between 10-4 and 1.0 [15] and value of parameter κ  is 3 n−  
or 0 .  
 After carefully selected, sigma points are then propagated 
through the following function: 
 

i i( )f= , where 0,1,..., 2i n=              (4) 
 
 The next step is calculating mean and covariance of the 
propagated points given by: 
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B.  Unscented Kalman Filter 
 
 UKF is an algorithm which can solve nonlinear systems in 
the following form: 
 

1 f ( )k k k+ = +x x q                          (10) 

1 1 1h( )k k k+ + += +y x r                         (11) 
 
where x is a discrete state vector, y is discrete measurement 
vector, q and r are the system and measurement Gaussian 
noises with zero mean and covariance matrices Q and R, 
respectively. 
 There are three stages in the UKF method [14, 15]: 
 
1. Sigma points calculation 
 Firstly, we have to define an initial state vector x0, initial 
covariance P0, process noise covariance and measurement-
noise covariance Q and R, respectively. This have to be 
defined in advance based on a priori knowledge of the system. 
In this paper, initial parameters are chosen carefully based on 
STLS algorithm results. 
 In this stage, sets of 2n+1 sigma points are created based 
on previous state with following formula: 

( )k-1 k-1 k-1 k-1k-1[ ] n+ [ ]λ= + −X x x 0 P P           (12) 
 

2. Kalman filter state prediction 
 Then sigma points in the first stage are propagated through 
function below: 

*
| 1 1f ( )k k k− −=                           (13) 

 
 The following step is computing the predicted state mean 
vector | 1k k −x , and predicted covariance matrix | 1k k −P : 
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3. Kalman Filter state correction 
 Next, the sigma points related to the predicted state mean 
vector and covariance matrix are calculated with the following 
formula: 

| 1 | 1| 1 | 1[ , (n ) ]k k k kk k k kλ− −− −= ± +x x P                   (16) 
  
 Then, the sigma points are propagated through 
measurement-update function: 

| 1 | 1h( )k k k k− −=                           (17) 
 
 The following step is calculating propagated points: 
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 Then, we can obtain the measurement covariance matrix 

yyP  and cross-covariance of the state and measurement xyP : 
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 Finally, we can compute Kalman gain, the state mean and 
covariance below: 

1
k xy yy

−=K P P                           (21) 

| 1 | 1( )k k k k k k k− −= + −x x K y y                    (22) 

| 1
T

k k k k yy k−= −P P K P K                       (23) 
 

III.  ALGORITHM TESTING 
 
The UKF algorithm has been designed in such a way that he 

following instantaneous parameter model of the processed 
input voltage (it can also be a current) was used: 

 
( ) ( ) ( )sinu t U t tω ϕ ξ= + +               (24) 

 
in which u(t) is an instantaneous voltage at time t, U is the 
magnitude of fundamental component, ω is fundamental 
angular velocity, equal to 2πf where f is frequency, ϕ is the 
phase angle and ξ(t) is a zero mean random noise. In this 
model, the higher harmonics are considered as a random noise 
and need to be properly filtered out. In the testing of the 
algorithm this filtering has not been done, just to demonstrate 
the original algorithm properties without some extra measures, 



 

which might only improve the overall algorithm performance.  
The only unknown model parameters are the signal 
magnitude, its frequency and phase.  

The above algorithm has been tested thoroughly using 
computer simulated data records. Three types of test were 
carried out: static and random noise tests, dynamic tests, and 
synthetic data test.  

A.  Static and Random Noise Test 
 

During the static test, the following signal model was used: 
 

( ) ( ) ( ) ( )cos 30 0.3cos 3 90 0.2cos 5 150u t t t tω ω ω= + + + + +   (25) 
 
where ω is fundamental angular velocity which is equal to 2πf 
where f = 50 Hz. 

The signal model above was then used to investigate the 
sensitivity of the method to random noise and selection of the 
initial covariance. In this simulation, the sampling frequency 
used was fs = 1.6k Hz. Fig. 1 presents the algorithm sensitivity 
to random additive noise without changing the initial 
covariance. It is shown that the algorithm can track amplitude 
and frequency with low maximum error under very noisy 
condition. However, these maximum errors can be reduced by 
changing the initial covariance as shown in Fig. 2.  

The Signal to Noise Ratio (SNR) is defined below: 

( )20log
2
SSNR
σ

=                   (26) 

where 
2

S  is the root mean square value of the signal (SRMS) 

and σ is standard deviation of the noise. The maximum errors 
are calculated using function below. 
 

( ) ( ) ( )max max
max   or   est real est real

real real

f f U U
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f U
− −

=   (27) 

 
The maximum errors versus the SNR are plotted below.  

 

B.  Dynamic Test 
Dynamic tests were also carried out to analyze the 

algorithm sensitivity to signal and frequency distortion. The 
distorted voltage and current signals used for dynamic test 
were given below. 

( ) ( ) ( )
( ) ( )

cos 45 0.5cos 3 120

         0.3cos 5 150 0.2cos 7 280

u t t t

t t

ω ω
ω ω

= + + + +

+ + + +
      (28) 

( ) ( ) ( )
( ) ( )

0.9cos 45 0.4cos 3 60

         0.2cos 5 30 0.1cos 7 130

i t t t

t t

ω ω
ω ω

= + + + +

+ + + +
          (29) 
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Fig. 1.  Maximum amplitude and frequency errors vs. signal to noise ratio 

with constant initial covariance. 
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Fig. 2.  Maximum amplitude and frequency errors vs. signal to noise ratio 

with adjusted initial covariance. 
 

During the test, the signal parameters are dynamically 
changed. For the period t<0.158s, the test signals only consist 
of the fundamental component, which is the first term of 
equation (28), (29). At t=0.158s, the input signals were 
distorted with higher harmonics according to (28), (29) and 
frequency signal was changed significantly from f = 50 Hz to 
f=45 Hz and then linearly raised with the rate 1 Hz/s. In Fig. 3, 
input signals were presented. 
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Fig. 3.  Input signal for dynamic test. 



 

It is shown in Fig. 4 that the UKF successfully tracked the 
amplitude. The highest error during this measurement 
excluding the convergence period is less than 10-2%. In Fig. 5, 
the result of estimated frequency is compared to the real one. 
The algorithm convergence properties are determined by 
initial covariance. Faster convergence period can be obtained 
by reducing measurement noise covariance and vice versa. 
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Fig. 4.  Estimated RMS using UKF in a dynamic simulation. 
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Fig. 5.  Estimated frequency using UKF in a dynamic simulation. 

 

C.  Processing of a Steady State Distorted Signal Obtained 
Through Dynamic Simulation of a Power System 

Fig.   1 shows the voltage waveforms of a three-phase 
transformer which is energized on a 500 kV network at 
t = 0.05s. The transformer rated 450 MVA, 500 kV/230 
kV/60 kV consists of three windings connected in Y/Y/Delta. 
The voltage on phase “a” contains a high level of 4th 
harmonic, a details of the high contains of harmonic is shown 
in Fig.   2 and Fig. 8.  

In Fig. 9, the estimated three-phase RMS voltages are 
presented. Before the disturbance, all three phase RMS 
voltages are around 3.07×105V. It is shown that the algorithm 
can track amplitude precisely under higher harmonics content. 
Note that by knowing estimated RMS voltage and current, 
power components can be calculated based on the definition 
given in the IEEE Standard 1459-2000 [22]. 
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Fig.   1.  Voltage waveforms data records. 
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Fig.   2.  Details of the voltage on phase a, 
 transformer is energized at t = 0.05 s. 
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Fig.  3.  Harmonic content on phase a. 
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Fig. 9. Estimated three-phase RMS voltage 

 
Fig. 10 reveals the system frequency before, during and 

after disturbance. The estimated result is compared with real 
frequency. The exact same value can be directly recognized 
from Fig. 10. This result verifies that UKF is capable to track 
frequency during large disturbance.  
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Fig. 10. Estimated frequency  

IV.  CONCLUSION 
In this paper, a new parameter estimation method for 

frequency, amplitude and phase tracking, based on Unscented 
Kalman Filter is presented. Various simulations are carried out 
to analyze its steady state and dynamic performance. It is 
shown that UKF obtained high estimation accuracy both under 
normal and noisy conditions. It is verified that this method is 
not sensitive to frequency changes, thus it can be effectively 
implemented as a reliable tool for PQ indices estimation. 
Finally, the simplicity of the UKF due to the absence of the 
model linearization gives promising tracking performances 
and efficiency for PQ indices monitoring in harmonics 
polluted power systems. The authors are now extensively 
using the proposed algorithm for PQ indices estimation for 
data records obtained through measurements in real systems.  
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